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abstract 

We consider a closed string field theory with an arbitrary matter current as a source 
of the closed string field. We find that the source must satisfy a constraint equation 
as a consequence of the BRST invariance of the theory. We see that it corresponds 
to the covariant conservation law for the matter current, and the equation of motion 
together with this constraint equation determines the classical behavior of both the 
closed string field and the matter. We then consider the boundary state (D-brane) 
as an example of a source. We see that the ordinary boundary state cannot be a 
source of the closed string field when the string coupling g turns on. By perturbative 
expansion, we derive a recursion relation which represents the bulk backreaction and 
the D-brane recoil. We also make a comment on the rolling tachyon boundary state. 
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1 Introduction 



Throughout the recent studies of the (super) string theories, we have obtained deep insights 
into the non-perturbative or the off-shell structure of the string theories. Especially, D- 
branes have played extremely important roles. For example, the studies of BPS saturated 
D-brane systems made us discover the U-dualities between superstrings. The AdS/CFT 
correspondence [T| and the holographic renormalization group E] (for recent review, see 
Ref. are also important examples that were found by studying D-brane systems. In 
addition to these non-perturbative properties, the understanding of the off-shell structure 
of string theories has greatly progressed by studying D-branes from the viewpoint of 
open string theory. For example, it was conjectured that unstable D-brane systems decay 
into the vacuum or lower dimensional D-branes through the tachyon condensation [5 j , and 
analysis using various methods supports the correctness of this conjecture (see e.g. jEllZl)- 
The rolling tachyon solution was also proposed, which is a time dependent background 
representing the rolling down of the open string tachyon field towards the bottom of its 
potential 8J. 

Another important feature of D-brane is that it is thought to be a soliton of closed 
string theory. This is well understood by expressing the D-brane as the boundary state 
(Hj^Oj- D-brane is originally defined as an object on which open strings can attach their 
end points. The corresponding boundary condition is determined so that it does not 
break the conformal symmetry of the world-sheet with the disk topology (the boundary 
CFT), and this symmetry enable us to transform the boundary condition for open strings 
into that for closed stings. The obtained state | B ) is the boundary state which satisfies 
the boundary condition in terms of closed strings. Then, it can be viewed as a source in 
closed string theory j^HUI]- Namely, adding a boundary to the world-sheet is equivalent 
to adding a boundary state to the equation of motion for the closed string field as 



where Q is the BRST charge of the closed string. The nilpotency Q 2 = implies that the 
admissible boundary states are characterized by the condition, 



B) 



(1.1) 



Q\B) = 0, 



(1.2) 



that is, BRST invariant boundary states give conformal backgrounds. 
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Open string dynamics on the D-brane can also be expressed by inserting an appropriate 
boundary interaction in the boundary state and they correctly describes the tachyon 
condensation which is mentioned above (see e.g. The rolling tachyon background 

can be also described in the same way jS]. Through the study of this rolling tachyon 
boundary state, it is found that the final state of this decay is not the closed string vacuum 
but a state with finite energy density and no pressure, which is called the tachyon matter 
|12j . However, in spite of many studies on the rolling tachyon and the tachyon matter 
|13| IT^l ITS] , the relation between the closed string emission from the decaying D-brane 
and the tachyon condensation is not clear yet. This would be because the effect of closed 
string interactions are not taken into account in (jl.lj) . 

One of the main purpose of this article is to give a general formalism to deal with 
D-branes in a closed string field theory (closed SFT). 1 In other words, we will see what 
happens to (jl.lj) by turning on the closed string coupling g. In this article, we regard the 
boundary state as a matter current which couples to the closed string field. We first give 
a general formalism to determine the classical behavior of the closed string field when 
there is an arbitrary matter current which couples to the closed string field. Starting with 
adding a source term to the action of a closed SFT, we find a constraint equation that 
the source must satisfy and we see that the constraint equation plays an important role in 
this formalism. Although we adopt HIKKO's closed SFT JH] as an example of a closed 
SFT because of its simplicity, we emphasize here that our argument does not depend 
on the detail of the theory but applicable to any kind of closed SFTs that is consistent 
at least at the tree level in the sense of BRST invariance, because our argument relies 
only on the BRST invariance of the theory in the tree level. One of our most interesting 
results is that the ordinary boundary state does not satisfy the constraint equation but 
must be modified so that it can be a consistent source of the closed string. We see that 
it is quite natural to expect that the modification is caused by open string excitations on 
the D-brane, which give dynamical degrees of freedom to the source. 

The organization of this paper is the following. In §2, we give a brief review of HIKKO's 
closed SFT in order to confirm the notation that we use in this article. We explain the 
BRST and the gauge symmetry of the closed SFT in detail. In §3, we add a source term 
to the SFT action and derive the constraint equation mentioned in the last paragraph. 
1 For another approach, see Ref. [T^ | [i7 ] . 
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We show that the equation follows from the nilpotency of the BRST transformation of 
the SFT. Applying the analysis to a boundary state, we show that the ordinary boundary 
state cannot be a source of the closed string field unless the closed string coupling g 
vanishes, and it must be modified by the interaction of the closed string field with the 
boundary so as to satisfy the constraint equation. We claim that the modification occurs 
as a consequence of open string excitations on the D-brane. We also make a comment of 
the rolling tachyon boundary state [SJ ^] . The section 4 is devoted to the conclusion and 
discussions. In the appendix A, we explain the construction of the *-product of HIKKO's 
SFT in detail. In the appendix B, we show explicitly that the free closed SFT actually 
reproduces the quadratic terms of the gravity theory if we restrict the closed string field 
up to the massless level. We also show that the gauge transformation of the free closed 
SFT correctly reproduces that for the fields in the gravity theory. 

2 Review of Closed String Field Theory 

In this section, we briefly review a bosonic closed string field theory, that is discussed in 
Ref. JB] (HIKKO's closed SFT) in order to confirm our notations. We mainly follow the 
convention in Refs. [T§1 I2U| . where the familiar conformal field theory (CFT) language is 
used to describe string field theories. We explain the ghost zero-mode structure of the 
string field and the BRST invariance of the action in detail, which are frequently used in 
later sections. We note that the discussion in the following section does not depend on 
the detail of HIKKO's theory but only use the BRST invariance of the closed SFT (see 
below). The reason we use HIKKO's closed SFT is only its simplicity. 

Let us start with fixing the convention of the CFT that defines the bosonic string 
theory in the flat 26 dimensional space-time. The elementary fields are the 26 scalar 
fields X IJ, (z,'z), the holomorphic ghost fields b(z) and c(z), and the antiholomorphic ghost 
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fields b(z) and c(z). If we set a' = 2, the mode expansions are |2T] 

dX"(z) = -iJ2 



z n+l ' 



n=— oo 
oo 



n=— oo 
oo 



n=— oo 



and the antiholomorphic fields are similarly expanded into the oscillators {a£,b n ,c n }. 
These oscillators satisfy the algebra, 

[<,<] = a^=m^<U.,o, (2-2) 

{^mi c n} = 1 ^rrt) c n f = ^m+n , • (2-3) 



In this article, we adopt the following notation for the ghost zero-modes; 

+ _ 1 , 

c o = 2 ( c ° c °-' ' c o = c o — c o ) 

6+ = 6 + & , & - = I( &0 _6 ), (2.4) 

which satisfy 

= 1. (2.5) 

An arbitrary state in the Hilbert space of this CFT is obtained by acting some numbers 
of the oscillators on the SL(2, C)-vacuum | ) which satisfies 

a»\0) = (n>l), 6 n |0) = (n>-l), c n |0) = (n>2). (2.6) 

As usual, we assign the ghost number 1 for c(z) and c(z) and —1 for b(z) and 6(2). We also 
set the ghost number for the SL(2, C)-vacuum to be zero. Then, any physical states in the 
bosonic string theory (e.g., the tachyon state c{c\ \ k)) have ghost number 2. Because of 
the ghost number anomaly on S 2 , any non-zero matrix element should have ghost number 
6. Then we take a convention, 2 

( k' I c_ic_iCo c+ciC! I jfe ) = (2vr) 26 5 26 (A; - k'). (2.8) 
2 The absence of an i in the right hand side is compensated by the following unusual definition of the 
Hermitian conjugate 22 , 

(($ hc |*» t = -(vl/ hc |$), (2.7) 
where (^hc | expresses the Hermitian conjugate of the state | 



Now we define a closed string field using the language of the CFT described above. 
Roughly speaking, an arbitrary closed string field is a vector in the Hilbert space of the 
above CFT, expressed as a linear superposition of the basis states with coefficients as 
target space fields. Additionally, the closed string field must satisfy the following two 
constraints [22J, that is, the level matching condition, 

L -|$)^(l -Z )|$> = 0, (2.9) 

and the reality condition, 

($| = <$hc|, (2.10) 

where Lq (Lq) is the zero-mode of the (anti)holomorphic Virasoro generators of the CFT 
and ( $ | and ( $hc | are the BPZ conjugate 3 and the Hermitian conjugate of | $ ), respec- 
tively. 

The closed string field can be decomposed into four sectors corresponding to the de- 
generacy of the closed string vacua due to the presence of the ghost zero-modes as 

|$) = c o -(|0) + c+|^)) + (| X ) + c o + h)). (2.11) 

However, in writing down the action of a string field theory with | $ ) , we need only two 
of these sectors, and thus we impose another condition, 4 

c |$) = 0, (2.12) 

that is, 

|$) =Cq |0> + c o -c+|V> • (2.13) 

We assume that the physical target-space fields (dynamical variables) are in the sector 
Then the ghost number of | <fi) turns out to be 2 and it becomes Grassmann even. 
As a result, the ghost number of |<&) is 3, while that of the sector \ is 1, which are 
both Grassmann odd. As we will see below, the target-space fields in the sector | ip ) are 
auxiliary fields. The fact that a string field has two sectors plays important role in the 
3 The BPZ conjugate is denned via the conformal mapping I(z) = 1/z. The BPZ conjugate of the 

state \ 0) =O(« = 0)|0) is (0\ = (0| I[Q](z = 0). 

4 Our notation is different from that of 22 where physical states are in the | \ ) sector, i.e. 6q | $ ) = 

is imposed. As a consequence of this, various definitions below are different. However, we can easily 

change the convention, and the consequence of this paper is not affected by the choice of the convention. 
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next section. In the following, in addition to the bracket notation above, we also denote 
a string field as a functional $ with CFT fields as the coordinate. We freely use both 
expressions below. 

Next, we give the action of HIKKO's closed string field theory and describe its sym- 
metries. The action is written as 

S = -$ ■ Q$ + ^$ • $ * $ , (2.14) 
2 3 

Here g is the closed string coupling constant. Q is the (total) BRST charge in the flat 
background and is nilpotent Q 2 = 0. It is decomposed by the ghost zero-modes as 

Q = c+L+ + b+M + + Q' + ■■■ , (2.15) 

with 

L+ = L + L , (2.16) 

oo 

M+ = - 71 ( C ~nCn + C. n C n ) , (2.17) 
n=l 

Q' = J2(c-nL^ < + c. n L^) ■ (2.18) 

Here, we have denoted the (anti)holomorphic Virasoro generators of the matter CFT as 
{L^ (Ln) | n G Z}. 5 The "• • • " in ()2.15j) contains terms with 6q and Cq , which have no 
effect to the action ()2.14j) . The inner product ■ of string 1 (| $) x ) and string 2 (| ^ ) 2 ) is 
defined as 

*-® = {R{l,2)\bf ) -\*) 2 \®) 1 

= <¥|&bl*>, ( 2 - 19 ) 

where the superscript of b means that the oscillator b belongs to string 2, and ( R(l, 2) | 
is the reflector that maps an arbitrary state | O ) to its BPZ conjugate (0\, 

(R(l,2)\\0) 2 = 1 (0\. (2.20) 

The *-product is defined as a mapping from two string fields to one string field, which is 
written as 

|$)*|#) = |$*#). (2.21) 

5 If we write the Virasoro generators of the ghost CFT as {Ln ^ (Ln ^) \ n £ Z}, the total Virasoro 
generators are expressed as L n = + L$ — 5 n> Q. 



The more precise definition of the ^-product in HIKKO's SFT is summarized briefly in 
Appendix [X] However, the details of the *-product is not necessary in this article. We 
only need below is the following properties proved in Ref. 



(1) $■* = (-1)1*11*1*-$, (2.22) 

(2) Q$-* = -(-1)1*1$ -Q*, (2.23) 

(3) $** = -(-1)I*H*I**$, (2.24) 

(4) Q($**) = Q$** + (-l) l * l $*Q* (2.25) 

(5) (-1)I*H A I ($**)* A + (-1)1*11*1 (* * A) * $ + (-1)I A H*I (A *$)** = , (2.26) 

(6) A •($**) = (-1) |A| * • ($ * A) = (-1) 1 * 1 (I * I+|A|) $ - (* * A) , (2.27) 

where |$| represents the Grassmann parity of the closed string field | $ ). 

It is useful to see that, in the action ()2.14|) . dynamical fields in the target-space are 
actually in the physical sector \<fi). Substituting ()2.13|) into the free part of the action 
(J2HU), we obtain 

So = \® ■ q$ 

= ~ (0 | c -c + L+ |0>-~ (iP | Co c+M + | tl>) - | c -c+Q' (2.28) 

Recalling that only Lq contains a term quadratic in momentum (or space-time derivative 
~ d 2 ), we see that only fields in | 0) have kinetic terms, and thus, dynamical fields are 
surely in \<j>). On the other hand, since the second and the third terms of ()2.28|) have 
terms at most linear in the momentum, it can be understood that target-space fields in 
| ip ) are auxiliary fields. More explicitly, if we restrict the string field up to the massless 
level, we can show that the free action ()2.28j) reproduces the quadratic part of the low 
energy effective action of the bosonic string theory [23]. We perform it explicitly in the 
Appendix |B| 

We next discuss the BRST and gauge symmetry of the action ()2.14j) . They are gov- 
erned by the general structure of the Batalin-Vilkovisky formalism First we define 
the BRST transformation [23] (see also [2*U]). 6 

SbK * = (2 - 29) 



3 It is also called as pre-BRST transformation or master transformation. 
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then the BRST transformation of $ in HIKKO's closed SFT turns out to be 



;2.30) 



The most important property of the BRST transformation is its nilpotency, and it is a 
direct consequence of the properties (3), (4) and (5) above, 



-Q (Q$ + g§ * $) + 2g (Q$ + g§ * $) * $ 



2^ 2 



($*$)*$ 



0. 



;2.3i) 



Properties (1)~(6) guarantee that the action S is the solution to so called (classical) 
BV master equation. Moreover, the nilpotency of the BRST transformation (J2.31|) is 
equivalent to the BRST invariance of the action ()2.14|) . 



5uS = 0. 



(2.32) 



This means that it is not necessary to add more interaction terms to the action 1)2.14)1 at 
least at the tree-level. Note that any other SFT with the BV structure defines its own 
BRST transformation and has the same property. 

The nilpotency of the BRST transformation also guarantees the gauge invariance of 
the action under the gauge transformation 



<5 A $ = QA + 2g® * A. 



(2.33) 



Here A is a gauge parameter, which is a closed string field with the ghost number two. 
To clarify the structure of the gauge transformation, let us decompose the first term of 
(12.33)1 in terms of | ) and | ip ). To this end, we expand | A ) as 



I A ) = c I A l ) + C C I A 2 ) • 

Then we see that the gauge transformations for | ) and | ip ) become 

6\4 > ) = -Q'\\ 1 )-M + \X 2 ) , 
6\i/;) = Q'\\ 2 )-L+\\ 1 ) . 



;2.34) 



(2.35) 
(2.36) 
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Recalling that dynamical target-space fields are in | <f> ) and Q' contains the target-space 
differential in the first order, it turns out that the gauge parameters of the dynamical 
fields are in | Ai). Moreover, from the second term of (j2.35|) . we see that some of the 
target-space fields in the physical sector | <p ) can be gauged away using the degree of 
freedom of | A2 ). 7 The gauge transformation of the low energy fields are also discussed 
explicitly in the Appendix IE1 



3 Source Term in Closed String Field Theory 

In this section, we discuss the general structure of HIKKO's closed SFT with a source 
term. We first consider a closed SFT action with a source term and derive two equations 
that the closed string field and the source should satisfy classically. After that, we consider 
a boundary state as a source of the closed string field. We also make some comment on 
the rolling tachyon boundary state jH] from the view point of the closed SFT. 



3.1 Constraint to A Source of Closed String Field 

We start with the action of HIKKO's closed SFT ()2.14|) . which is invariant under the 
BRST transformation ()2.30j) and gauge transformation (|2.33J) . We then add to it a source 
term as 

S = I$.Q$ + ^$. + J. (3.1) 

2 3 

Here J is considered to be some (yet unknown) matter current. In order that J correctly 
couples to the string field, it must be a state in the same Hilbert space as string fields live 
in. Therefore, | J ) should satisfy the level matching condition Lq\J) =0 and the reality 
condition ( J \ = ( J hc | as ()2.9|) and ()2.10|) . As for the closed string field, we expand J by 
the ghost zero modes as 

\J) = Co\U) + CoCo\U)- ( 3 - 2 ) 
7 An example of such a field is S(k) in the decomposition, 



d 26 k 

(2^6 



- -f=S(fy ( c -lCl + C-1C1) + 



For detail, see the Appendix iBl 
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Using (|2.13|) . we see that | ) and | ) couple to the sectors | ip ) and \4>), respectively; 

$.J = ($|&o|J> 

= (VHeoC+l U) - (</>\<%Co\U)- (3.3) 

Recalling that the total ghost number should be 6, we see that and must carry ghost 
number 3 and 2, respectively. This means that J has ghost number 4. 

Applying the variational principle to the action (|3.1|) . the equation of motion of this 
system is obtained: 

Q$ + g§ * $ + J = 0. (3.4) 

Since the bulk part of this equation of motion transforms covariantly under the gauge 
transformation (|2.33|) . the current should also transform as 

5 A J = 2gJ*A. (3.5) 

Here, it must be noted that the equation of motion ()3.4|) is not consistent for arbitrary J 
but it must satisfy a consistency condition. To find it, let us act the BRST charge Q on 
the left hand side of ()3.4j) . 

= + + J) 

= Q (J + #$*$) 

= QJ + 2#$* J . (3.6) 

From the first line to the second line, we have used Q 2 = 0, and from the second line to 
the third line, we have used the equation of motion ()3.4j) and the identity, ($*$)*$ = 0. 

To understand what the equation (j3.6J) means, it is useful to consider the (non-abelian) 
Chern-Simons theory, which has a formal analogy with our situation. Its action with a 
source is 

S= f -A A dA + -A A A A A + A A J , (3.7) 
J 2 3 

where A is some Lie algebra valued 1-form and matter current J is a 2-form. By using 
the covariant derivative D = d + gAA, the equation of motion of this system is given by 

F = DA = -J. (3.8) 
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Using the Bianchi identity DF = 0, it is straightforward from the equation of motion to 
show that the current should be covariantly conserved: 

DJ = dJ + g(AA J + J A A) = 0. (3.9) 

This analogy tells us that the BRST transformation 5-q = Q + g$* plays the same 
role of the covariant derivative and the "Bianchi identity" corresponds to the nilpotency 
of the BRST transformation 8\ = 0. Then, not only the equation of motion (|3.4|) . we 
must impose the "covariant conservation law" ()3.6|) to J as a consequence of the "Bianchi 
identity" 1)2.31)1 . In fact, using the definition of the BRST transformation ()2.3()jl and the 
fact that ()3.4|) can be written as = — J, we obtain 

= 5|$ 

= -Q5b$ - 2g$ * (5 B $ 

= QJ + 2g$*J. (3.10) 

From this equation, although the BRST transformation for the current J has not been 
defined, we can symbolically rewrite this as 

5 B J = QJ + 2g<5>* J = 0, (3.11) 

which corresponds to the covariant conservation law for the current ()3.9)) . Note that the 
same discussion can also be applied to any other type of string field theory which has own 
BRST symmetry, since we have only used the equation of motion and the nilpotency of 
the BRST transformation in this derivation. In any case, the covariant conservation law 
takes the form 8-qJ = 0. 

The physical meaning of the equation ()3.11)1 can be better understood in the corre- 
sponding low energy effective theory: We can expect that the low energy counterpart 
of the equation ()3.11)) would be the covariant conservation law of the energy-momentum 
tensor in the general relativity, 

V^T^ = 0, (3.12) 

where is the matter energy-momentum tensor. One reason which supports it is that 
there is a one-to-one correspondence between each step of the derivations of ()3.12)) and 
()3.11)) . As is well known, the equation ()3.12j) can be derived from the Einstein equation, 

R P u - ^Rg^u = kT^ u , (3.13) 
12 



together with the Bianchi identity, 

^{R^-^Rg^j = 0. (3.14) 

On the other hand, as mentioned above, the equation ()3.11|) is a consequence of the 
equation of motion (J3.4j) and the nilpotency of the BRST transformation (J2.31|) . Since 
the closed SFT contains graviton as a massless field, it is believed that at low energy (|3.1j) 
reduces to the Einstein- Hilbert action with some matter source. 8 Moreover, the general 
covariance is a part of the gauge symmetry of the bulk SFT, which is guaranteed by 
the nilpotency ()2.31|) . Therefore, it is plausible to regard the equation ()3.12j) as the low 
energy counterpart of the equation (J3.11j) . Another reason supporting this conjecture is 
the direct decomposition of the equation ()3.1H) into the component fields. To see this, 
let us decompose the physical sector of the closed string field as (jB.l)) and look only 
the graviton part. Correspondingly, the components of the source J which couple to the 
graviton through (j3.3J) are given by 

\j<f>) = J d 2e x A^ u (x) (a^L 1 a u _ 1 + «^ 1 5^ 1 ) + B(x) (b-\C-\ + 6_ic_i^ H c{ci\x) , 

(3.15) 

where A^ v and B are arbitrary functions. Their combination T^ u (x) = A^ u (x) + r]^ u B(x) 
is the leading part of the energy- momentum tensor [T2|. Then one can roughly estimate 
the equation (j3.11j) as 9 

(02% (x) +g[(h. ,92% (x) + (dh ■ 2% (*)] = . (3.16) 

On the other hand, if we expand the metric as g^ u = r/^ + Kh^, the equation ()3.12j) has 
the same tensor structure as above at the first order in h^ u . 

Now we understand that the condition ()3.11|) is a generalization of the covariant con- 
servation law ()3.12j) to the SFT, which includes all contribution from massive fields. In 
the same sense, the second line of (13. 6|) ; 

Q ( J + * $) = 0, (3.17) 



8 We here ignore other massless fields and tachyon, for simplicity. Note also that the graviton in the 

SFT and that of Einstein action is in general related by the non- linear field redefinition [21] . 

9 We ignored corrections comes from other component, higher derivative terms and so on. We also 

neglect numerical coefficients in front of the second and third term, which are highly dependent on the 

detail on the ^-product. 
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would be the counterpart of the total energy conservation in gravity theory originating 
both from the matter and from the self-gravitating energy; 



where t^ v is so called the gravitational energy-momentum pseudotensor density. In the 
gravity theory, the conservation law (j3.18|) is a direct consequence of the diffeomorphism 
invariance of the total system of the gravity and the matter. Correspondingly, the equation 
(13.11)) should be a consequence of a gauge symmetry of the SFT. Although the SFT action 
(13.1)1 is not invariant under the gauge transformation (J2.33)) and ()3.5p . the complete system 
which includes both the closed string field and the matter field {e.g. an open-closed SFT) 
must have a gauge symmetry. Once the action of the complete system is given, the 
equation (j3.11j) would also be required as a consequence of the gauge symmetry. 

Here, we emphasize that the matter current J is considered not to be an external 
source but a dynamical one. Therefore, in solving the equation of motion, we should also 
take into account the covariant conservation law, that is, the equation ()3.11)) . Of course, 
if the full action of the system with the closed string and the matter is explicitly given, 
the covariant conservation law of the matter current will be automatically satisfied as a 
consequence of the equation of motion of the matter. However, since it is not the case 
now, we must solve the equations (J3.4j) and (j3.11j) simultaneously. 

3.2 Boundary State as A Source 

From now on, we restrict our attention to boundary states and regard them as sources 
for the closed string field. To be more precise, we consider the boundary state | B p ) 
which describes a (bosonic) Dp-brane, extended in x a (a = 0, • • • ,p) direction and sitting 
at x l = (i = p + 1, • • • ,25). As explained in the introduction, the boundary state is 
obtained by performing the modular transformation for the boundary condition of open 
strings. In the above case, we impose the Neumann boundary conditions for X a and the 
Dirichlet boundary conditions for X\ The boundary conditions for the ghost fields are 
determined so as the total boundary state is BRST- invariant, 




(3.18) 



Q\B p )=0. 



(3.19) 
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Then, the obtained state is (see, e.g., Ref. 



Bp ) = !±<S- : ' ■■' 
2 



x 4 ) exp ^— -a^S^a^ + c_ n 6_ n + c_ n 6_ n ^ | Cq ciCi | 0) , (3.20) 



where T p is the tension of the Dp-brane and S^ u = (r) a p, — <%)■ It is a state in the closed 
string Hilbert space with ghost number 3. We note that equation (j3.19J) consists of two 
equations decomposed by the ghost zero- modes. In fact, acting the BRST charge (J2.15j) 
on (|3.20|) . we see that the boundary state satisfies following equations separately: 

Q'\B p ) = 0, b M + \B p ) = 0. (3.21) 

In order to regard the boundary state as a source for the physical sector of the closed 
string field | cf>), it is first required to multiply Cq to ()3.20|) ; 

\J)=c \B p ). (3.22) 

Then, it has the correct ghost number 4 and satisfies the level matching and reality 
conditions. Note also that it has the nonvanishing component only in the | ) sector in 
(13. 2|) . which couples to the | 0) sector as shown in ()3.3|) . Here, from ()3.19j) and the level 
matching condition, we can prove easily that J is also BRST invariant: 

QJ = 0. (3.23) 

Comparing this to the equation ()3.11|) . it is obvious that the boundary state | B p ) is a 
source of the closed string field only when the closed string coupling constant vanishes. In 
other words, when g ^ 0, the usual BRST invariant boundary state cannot be a source for 
the closed string field (unless B p * $ = 0). This means that, if the closed string coupling 
is turned on, the boundary state must be modified so that it satisfies the condition, 

6 B J = 0. (3.24) 

We can then regard this J as a matter current that truly describes a D-brane. The 
necessity of this modification is not surprising. In fact, it is consistent with the usual 
picture of the string perturbation theory: Since a D-brane is a non-perturbative object 
and has mass ~ 1/g, it is infinitely heavy in the limit g — > so that it behaves as a rigid 
hyperplane in the space-time and this defines a conformal background. When small g is 
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turned on, it is still heavy but can receive some recoil effect from the bulk and behaves 
as a non-relativistic object moving in the space-time. To maintain the unitarity, there 
should be collective coordinates for the D-brane [33] and they give the dynamical degrees 
of freedom for the source. Therefore, it is quite natural to assume that this modification 
is due to the open string excitation: it is schematically written as 

| J) = e~ Sb[x] \B p ) , (3.25) 

where Sb[X] is an appropriate boundary interaction [Oj. In the presence of the boundary 
state | B p ) alone, the space-time symmetry such as the translational symmetry in the x % 
direction is generally broken. On the other hand, since the modified current J contains 
the collective coordinate for the broken symmetry, e.g., the scalar fields on the D-brane, 
it can keep the global gauge symmetry. As a result, the current becomes a dynamical 
source and the equation (|3.24j) would effectively describes the behavior of the open string 
excitations on the D-brane. In the next subsection, we will discuss this point in more 
detail. 

The same discussion can be applied to the rolling tachyon boundary state jH]- The 
rolling tachyon is defined by inserting exact marginal tachyon vertices at the world-sheet 
boundary and is expected to be a solution which describes the rolling down of the open 
string tachyon from the top to the bottom of the potential. According to the conjecture 
made by A. Sen 0, it is believed that it describes the process that the unstable D-brane 
system decays by emitting closed strings [T3]. However, as for the usual boundary state, 
the rolling tachyon boundary state | B ) rolling can be a source of a closed string field only 
when g vanishes, 10 because it satisfies the condition, 

Q I trolling = 0- (3.26) 

In fact, as pointed out in 12j the (not covariant) conservation law of the energy momentum 
tensor of the D-brane, 

c^7V = 0, (3.27) 

follows from the condition ()3.26j) . This means that the energy exchange between D-brane 
10 Another possibility is that Broiling and the classical solution of the closed string field $ satisfy the 
relation -Broiling * = 0. However, it is highly nontrivial. 
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and the bulk closed strings is completely ignored. 11 Our claim is that if the closed string 
coupling g is turned on, we must modify not only the classical solution of $ but also the 
source so that it satisfies the equation (j3.11|) . Here the modification would be again the 
form ()3.25|) with | B p } is replaced with | B ) rolling ■ Note that if the original BRST invariant 
boundary state | B ) is stable, such as the BPS D-brane boundary state in Type II string 
theory, the modified state | J ) in ()3.25|) should still represent a D-brane. However, if it 
is unstable, such as bosonic D-branes or the rolling tachyon boundary state, then | J ) 
need not express a D-brane but may decay into something by the condensation of the 
open string. Anyway, the classical solution of the bulk closed string field is deformed 
by backreaction from the boundary state and the boundary state is also deformed by 
the backreaction from the bulk so as to satisfy ()3.4|) and (j3.11|) simultaneously. We note 
here that the total energy conservation is still guaranteed by ()3.17|) . As a result, the 
obtained boundary state would correctly describe the decaying D-brane with emitting 
closed strings. 

3.3 Perturbative Expansions 

In this subsection, we sketch a method to solve the equations (13.4)1 and (|3.11j) in which we 
start with a rigid boundary state satisfying Q \ B ) = and then deform it perturbatively. 
It is closely related to the viewpoint of the usual world-sheet theory. 

We first expand both the closed string field and the boundary state in the closed string 
coupling g as 

oo oo 

$ = ^^<D n , J = Y^9 n Jr, (3.28) 

n=0 n=0 

We take the lowest component as the (rigid) boundary state: 

\J )=c \B p ) . (3.29) 

Note that both the expansion begin with the zero-th order in g. It is understood by the 
corresponding low energy theory (see Appendix lB]l . 

By substituting ()3.28|1 into the equations ()3.4|1 and (|3.11j) . we obtain the recursion 
11 See also the similar argument based on the low energy effective theory [22] and based on the toy 
model for open-closed SFT [20 EH- 
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formulae for n + 1 > 0, 



Q<$> n+ i = -J n+ i - $ m * $ r 

m=0 

n 

QJn+l = 2 ^ J m * $ n _ m . 



(3.30) 



m=0 



These equations say that, with given Jo, other components J n (n > 1) and $ ra (n > 0) 
will be determined recursively. To be precise, each component has two sectors according 
to the structure of the ghost zero-modes. Now we make the following ansatz to this 
ghost structure. First, all the component J n (n > 1) is in the same sector as Jo, that 
is, in the sector \j ( j > ). This indicates that only the physical sector \<f>) is coupled to 
it. Correspondingly, we restrict the component fields of the string field to the physical 
target-space fields. That is, we require 



•> 



(3.31) 



together with 

M + |0) = O. (3.32) 

The last condition is necessary to eliminate such fields in \<f>) as do not couple to the 
boundary state. For example, the field S(x) in the expansion (|B.1J) is eliminated by the 
condition ()3.32j) . The meaning of this will become clearer below. 

With these simplifications, the expansion ()3.28|) is rewritten as 



I $n ) = c | (j) n ) , \J n )=c c h \j n ). 
Then each equation in ()3.3()j) are decomposed into two sectors as 

Q' I 4>n+l ) = o , 

M + \j n+1 ) =0, 



(3.33) 



(3.34) 



and 



Lq I 4> n +l ) = | jn+l ) + fro fy) ^2 I $m * $ ™- m ) 

m=0 

n 

Q' I Jn+l ) = 2fro fr ^ | Jm * $n-m ) ■ 



(3.35) 



m=0 



Here, equations ()3.34|) are in the sector c | ■ • • ), whereas equations (j3.35J) are in the sector 
c o c o I'"')- We have used the assumption that both of $ * $ and J * $ are in the latter 



18 



sector under the conditions (|3.29|) . (|3.31|) and (|3.32j) . 12 We have eliminated the ghost 
zero-mode factor Cq c + by multiplying b^h^ in front of the ^-products. 

The equations in ()3.34|) are constraint equations for the allowed degrees of freedom. 
The first equation in ()3.34|) together with ()3.32|) requires that the non-zero component 
state in the closed string field be in "off-shell but physical" states [3Q 3 . Recalling that 
(Q') 2 oc M + Lq , the operator Q' is nilpotent on the restricted space satisfying ()3.32|) . Then 
first equation in (j3.34j) says that | ) is in the Q'-cohomology. As seen from the definition 
of Q' (j2.18j) . it means the physical state condition except for the on-shell condition. Such 
a state is also called as the softly off-shell state. Since the classical solution is in general 
off-shell (i.e., not the solution of the free equation of motion), it is a suitable condition. In 
fact, for the massless state, it gives the usual harmonic gauge condition, after appropriate 
field redefinitions 

On the other hand, the second equation of ()3.34|) says that the source | j n ) still have 
one of the same property as the original boundary state \B p ), i.e., M + \B p ) = in 
()3.21|) . This guarantees that the fields which are coupled to the boundary state satisfies 
the condition ()3.32|) even after turning on the closed string coupling g. 

Under the constraints given by the equations ()3.34|) . the equations ()3.35|) determine 
the classical solution of the string field and the consistent boundary state. To understand 
the structure of the equations ()3.35j) . it is useful to write down the first few equations in 



Q' 


1 Jo) 


= o, 


(3.36) 




00 ) 


= 1 Jo ) , 


(3.37) 


Q' 


\h) 


= 26+ b | J * $ ) , 


(3.38) 


Lt\ 


01 ) 


= 1 Ji ) + K b o I $0 * $0 ) , 


(3.39) 



From these equations, it is clear that, once the first component of the boundary state 
| j ) is given, the equations ()3.35|) determine | (fi n ) and | j n ) successively. Below, we make 
some comments on each of the equations ()3.36|) - (j3.39|) : 

12 It is true for $ * $ and we have ascertain it explicitly for massless sector of J * But we do not 
have concrete proof yet. 
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The first equation ([3.36)1 is satisfied by our assumption ([3.29)1 . Since the action of Q' 
on | jo ) is same as that on | B p ) , given by 

Q' \B p )=J2 C - - lim n) I B P > . ( 3 - 40 ) 

it (with the level matching condition) states that the presence of the source | jo ) keeps the 
conformal invariance. Together with the second equation in ()3.34|) . it is equivalent to the 
BRST invariance for the source in the lowest component (see ([3.21)0 . Moreover, it implies 
that we can start with any type of BRST invariant boundary states, which is considered 
to be the conformal background. For example, a boundary state with a constant electric 
or magnetic flux turned on, that with traveling waves, the rolling tachyon boundary state, 
and so on. 

The second equation ([3.37)1 carries the information on the off-shellness in the presence 
of the source | jo ) • It is nothing but the the equation of motion in the case of free SFT with 
a source term. As discussed in Ref. [HI], it determines the leading term of the classical 
solution (i.e., long range behavior) of the bulk fields when there is a BRST invariant 
boundary state. As originally discussed in [0], it is also related to the cancellation for 
divergences: in the cylinder diagram a closed string IR divergence comes from the long 
cylinder limit, and it is canceled by adding a disk diagram with a closed string insertion. 
In other words, the presence of the boundary induces the closed string tadpole. 

The third equation ([3.38)1 determines the first order modification of the boundary 
state from the original one, | jo )• It is necessary because of the breaking of the original 
conformal invariance by the closed string tadpole 0o- Namely, it is the backreaction on the 
source coming from the change of the bulk. As mentioned in the previous subsection, it 
is natural to interpret that the change is due to an open string excitation on the D-brane. 
Then, the equation ([3.38)1 says that the open string excitation is induced by the insertion 
of the closed string tadpole on the disk. It strongly suggests that when the tadpole getting 
closer to the boundary, the operator product expansion of the closed string vertex with its 
mirror image causes a divergence and it is canceled by this open string vertex insertion. 
This is the similar situation of the D-brane recoil [3*3*) 13*4*] where the annulus divergence 
coming from open string IR regime is canceled by the open string non-local insertion, 
although the correct relation between our analysis and these works are not yet clear. 

The fourth equation ()3.39|) can determine the next leading term of the classical so- 
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lution. The physical interpretation of this equation is obvious, that is, the first term of 
()3.39j) means the backreaction coming from the change of boundary in the same way as 
()3.37|) and the second term comes from the source due to the self-interaction of the string 
field. 

In this way, once a BRST invariant source is given, both of the backreaction on the 
bulk and the boundary can be determined successively. 

4 Conclusion and Discussion 

In this paper, we presented a general framework for the closed strings in the presence of 
an arbitrary matter current. Starting with a closed string field theory with an arbitrary 
source term, we derived a couple of equations, one is the equation of motion for the 
closed string field, and the other is a constraint equation which expresses the covariant 
conservation law for the matter current. We discussed that we need both of the equations 
to describe the classical behavior of closed strings in the presence of the matter current. 
We also argued that our discussion can be regarded as a generalization of that of the 
general relativity, including the contribution from full massive fields. Then we applied 
our argument to D-branes. We claimed that the usual BRST invariant boundary state 
is not a consistent source, but it should be modified by turning on dynamical degrees 
of freedom so that it satisfies the constraint equation. By perturbative expansion, we 
saw that the equation of motion and the covariant conservation condition describe the 
backreaction on the source and on the bulk, successively. This also suggests that the 
dynamical degrees of freedom are due to open string excitation. 

Since this is our first attempt to take into account the D-brane dynamics in the theory 
of off-shell closed strings, there are many issues that are not discussed in this paper and 
remained to be done. First, we should apply our method sketched in §3.31 concretely to 
some definite matter, for example, a boundary state. From our discussion, it is expected 
that we would obtain a classical solution of the closed string field in the presence of 
D-brane with open string excitations. To perform it explicitly, we need the detail of 
the *-product. Technically, the calculation of the ^-product can be done either by the 
oscillator formalism or by the CFT technique. In the former case, it would be useful to 
use the level truncation approximation || even for the closed SFT. The approach using 
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the CFT technique might also help to clarify the relation of our condition to the usual 
world-sheet picture. 

Another interesting issue is to apply our argument to a time dependent matter source. 
In our formalism, it is possible, at least formally, to obtain a solution which really de- 
scribes the decaying process to the vacuum through the emission of the closed strings. 
Practically, we can use the rolling tachyon boundary state as the starting point and mod- 
ify it by the perturbation as explained in £13.31 It is a fascinating issue to decide whether 
the modified boundary state starting from the rolling tachyon boundary state correctly 
describes the decaying process of non-BPS D-branes. Our argument could also apply to 
gravity theories. For example, if we find a solution that describes the decaying process 
of some extended object, the low energy limit might express the classical solution for the 
black hole evaporation. It may be also interesting to apply it to the D-brane inflation 
which is the original form of the inflationary brane model Furthermore, the system 
we proposed in this paper includes the self-interaction of string fields, so the low energy 
limit of it would have something to do with self-gravitating brane models [SB]. Note, 
however, that in order to relate the target-space field contained in the SFT to that of the 
low energy gravity, some field redefinition is needed. 

Applying our argument to the superstring theories is also one of the important future 
works, although there are technical difficulties coming from the closed super-SFT. If it is 
overcome, we could consider sources with NSNS or RR charged objects and discuss var- 
ious dualities. For instance, our setting seems quite useful to understand the AdS/CFT 
correspondence at the more fundamental level. The essence of the AdS/CFT correspon- 
dence is the duality between the open string theory on a D-brane and the closed string 
theory in the background of the classical geometry made by the D-brane. Recalling that 
our analysis produces both of the classical configuration of the closed string field and 
the open string excitation of the D-brane simultaneously, the AdS/CFT correspondence 
(more generally, the open/closed duality) might appear in the analysis. This would be 
worth considering even in the bosonic string field theory. 

Finally, we make a comment of the relation between our formalism using a matter 
current and the quantum theory that governs the dynamics of the matter. In a realistic 
model, the matter current which we have considered through out this article is thought to 
consist of some "matter fields" and there should be an appropriate action which describes 
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their dynamics. Especially, in the case of the D-brane, the matter field would be the open 
string field, and thus, we may consider that we must investigate a consistent open/closed 
string field theory in the presence of the D-brane. However, although constructing such a 
SFT is actually important future subject, it is sufficient to treat the matter as a current 
in determining the classical behavior of the closed string field. A similar situation is 
seen in the Maxwell's theory. In fact, we can determine the classical configuration of the 
electromagnetic fields in the presence of an electric current even if we do not know the 
fact that the current consists of the electrons which are governed by the QED. 
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A Definition of the *-product in HIKKO's SFT 

In this appendix, we briefly summarize the definition of the ^-product of HIKKO's closed 
SFT. We note that the interaction vertex of any kind of closed SFT can be defined in the 
same way. 

In defining the *-product, using the CFT language makes the discussion clear and 
elegant. We first define LPP's 3-point vertex following Ref. [231, which is determined 
uniquely if we give three conformal mappings {h r \ r — 1, 2, 3} from unit disks (with co- 
ordinate w r ) to a sphere (with coordinate z) as, 

< ^12 P 3 P | I 03 > 3 I 02 > 2 | 01 >! = ^3 [03] (* 3 ) h [<f> 2 ] (z 2 ) h X [fa] ( Zl )J ^ (A.l) 

where \<f> r ) T = 4> r { w r — 0)|0) r (r = 1,2,3) are arbitrary states on disks. The r.h.s. 
is the three point correlation function on S 2 . Each map h r determines the conformal 
transformation of the vertex operator <ft r (w r = 0) at the origin on the disk to the one 
at z r on the sphere. For HIKKO's closed SFT, the conformal mappings {h r \ r — 1, 2, 3} 
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are defined as the composition of two conformal maps, h r = fu ° 9r '■ w r i— > z. Here, 
g r : w r (—> p , is the mapping from disk r to the cylinder (p-plane) 13 with 



P 



«i In , 

a2 hi 1^2 + 2iriai , 
a 3 In w 3 + 2ni (a x + a 2 ) , 

and /m : p >— > 2 , is given by (the inverse of) the Mandelstam mapping, 



(A.2) 



P 



ay In (2 — £ r ) . 



(A.3) 



r=l 



The parameters {a r | r = 1, 2, 3} in (|A.2|) and ()A.3j) are the string length parameters [THj 
which satisfy the condition, + 0-2 + a 3 = 0. Above map ()A.2|) corresponds to the case 
where a\, a.2 > 0, a 3 < 0. Note that this construction is generalized to arbitrary A-point 
vertex while we need only the 3-point one here. Using the LPP vertex above, the 3-point 
vertex of HIKKO's closed SFT is given by 

3 



^123 I = f fl P + «2 + « 3 ) ( tff | b^b^' 

J r =l 71 



(A.4) 



Now the ^-product for two string fields is defined by 



6( 4) -|$*vl/) 4 = (V 123 || J R(3,4))|$) 2 |vl/) i 



(A.5) 



or equivalently, combining with the inner product as 



A-($*^) = (V 123 ||A) 3 |<I>) 2 |^) 1 



(A.6) 



B Low Energy Effective Action of the Free Closed String Field 
Theory 

In this appendix, we explicitly decompose the closed string field into component fields and 
show that the low energy action of the free part of the SFT action ()2.28|) reproduces the 
quadratic part of the low energy effective action of the bosonic string theory. After that, 
we write down the gauge transformation of the component fields explicitly and show that 
13 Here, w r is assumed to be represented as w r = exp (r r + ia r ) (—00 < r r < 0, < oy < 2tt). 
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the g — > limit of the gauge transformation (|2.33j) gives the proper gauge transformations 
of the gravity fields. 

We decompose | (ft ) and | tp ) as following, 



d 26 k 



(2< 



2(i 



T(k) + % v (k) (a V-i + a\a\) 



~-y=D(k) ( +C_ 1 6_ 1 



C\C\ | A; ) 



(B.l) 



d 2e k 
(27p 



■—^b^k) [b-ioiti+b-xatx 



(B.2) 



From the reality condition (j2.10|) . we see that all the component fields are real; T*(k) = 
T(—k). Substituting the expansion (jB.l|) and (jB.2|) into the free SFT action (J2.28)) . we 
obtain 

S = J rf 26 x| - l -T (d 2 - 2) T + h,^d% v - ~B^d 2 B^ + \Dd 2 D - ^Sd 2 S 



!>„ ( 0-h,,,, + O l ,D)-e ll (d»B, u - d,S) + + l -e 2 



(B-3) 



In this action, b^x) and e A1 (x) are auxiliary fields and can be integrated out. At the same 
time, we redefine the fields h^ v and D as 



1 



V + V^uD, D = D + -h? 



(B.4) 



The obtained result is 



ii 



S = j d 2e x!^[\dT\ 2 + 2T 2 } 



2k< 



{^gR) 2 + 6\dD\ 



2 4- — Iff I 2 

12 



(B.5) 



14 We have used the fact that the field S(x) can be gauged away, which we will mention in the end of 
this appendix. 
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where the metric is expanded around rj^ u as g^ u = rj^ + nhp U and 

1 (V=gR) 2 = -\hr (d 2 v - 2d u &>h lip + - ^ v d 2 h%) , (b.6) 



2k 2 vv j '~' 2 ' 4' 

is the quadratic part of the Einstein-Hilbert Lagrangian. H^ up represents the field strength 
of Bin,, 

H^p = dpByp + d v B pll + dpBn U . (B.7) 

Then we have shown that (jB.5|) reproduces the quadratic part of the low energy effective 
action of the bosonic string theory in the Einstein frame, and thus, it turns out that 
the component fields T(x), hp U (x), D{x) and B^ix) actually correspond to the tachyon, 
graviton, dilaton and antisymmetric two tensor field, respectively. We note here that 
the expansion of the low energy effective action starts from the zero-th order in the 
gravitational coupling k. Similarly, since the source term for the gravity theory is written 
as 

s ° ~ \ I rf M^ (x)T ^ (x) + " ■] ' (R8) 

the expansion of the source action also starts from the zero-th order in k. Recalling k oc g, 
this fact guarantees the correctness for the perturbative expansion of $ and J in ([3.28)1 . 

Next, we write down the gauge transformation of the component fields. To this end, 
we expand the gauge parameter string field | A ) = Cg | Ai ) + Cq Cq | A2 ) as 

1 a i ) = / (^M^f^) ( 5 -i ci - 

- A=Mk) {at lCl + a^ci) + • • • } | * > , (B.9) 

l£wi-T2 m + --^ kh (R10) 



|A 2 ) 

then the gauge transformations of the component fields in (jB.l|) and (jB.2|) become 



5T = 0, 

5hp„ = dpe„ + d u ep, 8B (a , = dp£„ + d v £p, (B.ll) 

5D = d-e } SS = -d-C + r], 

5bp = d 2 ep , 5e M = -d 2 (p + dpi] . 

In terms of the redefined fields hp V and D, the transformation becomes 

Shp U = dpe u + d u ep , 6D = 0. (B.12) 
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From these relations, we see that fields in the low energy action (jB.5|) are surely to be the 
fields in the gravity theory. Moreover, as we mentioned in the section 2, the field S(x) 
can be actually gauged away using the degree of freedom of the gauge parameter rj. 
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